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During the measurement of low- and intermediate-level radioactive waste (LILW), various factors can ob-
scure weak peaks in low-count gamma spectra to different extents. Hence, before the gamma spectra of LILW
are analyzed, these factors should be eliminated through effective smoothing. This study aimed to address the
loss of weak peak information in gamma spectra due to the low energy resolution of LaBr3(Ce) detectors during
smoothing. For the first time, this study integrated the discrete wavelet transform (a transform that decomposes
a given signal into a number of sets), Nyquist sampling rate (the lowest sampling rate that permits accurate
reconstruction of a sampled analog signal), and fast Fourier transform (an algorithm that computes the discrete
Fourier transform of a sequence). Through this integration, this study established an optimal criterion for the de-
composition level, an adaptive threshold correction model, and a novel threshold function tailored to smoothing
low-count gamma spectra. Experimental results demonstrated that the proposed method enhances the signal-
to-noise ratio of an original gamma spectrum by 2.51 times. Compared with traditional methods, the novel
method substantially reduced the root mean square error between the smoothed and original spectra by 87.1%,
achieving this with a lower smoothness value. Furthermore, it mitigated channel distortions in the full-width
at tenth-maximum for the characteristic peaks of the low-count spectrum by 75.0% to 96.9%. Under different
peak distances, the peak-to-valley ratio of the overlapping peaks smoothed by the novel method increased by
up to 7.4% compared with other methods. This method removes noise efficiently, preserves the original data
of low-count spectra, and optimizes the peak-to-valley ratio of overlapping peaks. The results of this research
broaden the potential application scenarios of the LaBr3(Ce) detector in LILW measurements, as well as in other
fields, such as regional geophysical exploration, radiation environment monitoring, nuclear medicine, and astro-
physical measurements. It substantially reduces the cost of establishing measurement systems for low-activity
radioactive materials in complex environments.

Keywords: Low- and intermediate-level radioactive waste, Gamma spectrum analysis, Discrete wavelet transform, Smoothing,
LaBr3(Ce) detectors

I. INTRODUCTION

The operation and decommissioning stages of nuclear
power plants are the primary sources of radioactive waste [1–
3]. In particular, low- and intermediate-level radioactive
waste (LILW) accounts for 70.63% of the total waste vol-
ume [4]. Before management and disposal measures for
LILW are implemented, its potential hazard level should be
assessed using specific characterization methods [5]. Gamma
scanning is considered an effective method for precisely char-
acterizing LILW [6–8]. Spectrum analysis accuracy, a core
aspect of gamma scanning, directly affects characterization
precision. However, the LILW gamma spectrum is complex
and varies because of several factors. These include back-
ground radiation, Compton scattering in the low-energy re-
gion, gamma count fluctuations, and electronic noise. These
factors obscure weak peaks, either partially or completely [9].
This substantially increases the difficulty of accurate radionu-
clide identification and extraction. To address this problem,
high-resolution HPGe detectors have been widely used for
LILW measurements. These detectors simplify radionuclide
identification [10].
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However, problems occur when using HPGe detectors for
LILW measurements. The main problem is the extended mea-
surement time, which is caused by low detection efficiency.
Additionally, HPGe detectors require a cooling system dur-
ing use, which increases the operational complexity and lim-
its portability. This renders them unsuitable for rapid on-site
measurements in specific scenarios [11]. In gamma scanning,
the measurement accuracy, time efficiency, and detectable
activity range are key performance indicators for detectors.
Hence, LaBr3(Ce) detectors, which have a 62% higher detec-
tion efficiency per unit volume than HPGe [12] detectors and
a portable design, are more suitable.

Owing to the low energy resolution of LaBr3(Ce) detectors
and the inherent electronic noise in the spectrometer system,
weak peaks in the complex spectrum are more susceptible
to obscuring or overlapping. Therefore, to apply LaBr3(Ce)
detectors in the field of LILW and other low-activity ra-
dioactive material measurements, the crucial step in subse-
quent spectrum analysis is to adopt smoothing methods to ef-
fectively eliminate interfering signal components while pre-
serving as much information as possible regarding the weak
peaks in the low-count spectrum. Currently, the widely used
traditional smoothing methods include the multi-point [13],
Fourier transform, least squares [14, 15], polynomial fitting,
and discrete function convolution sliding transform methods.
However, traditional methods often distort valuable informa-
tion contained in the original signal. Such distortion may
result in problems such as the disappearance of weak peaks
in the low-count spectrum, the emergence of false peaks,
and compromised energy resolution. Additionally, certain
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traditional methods, including the Fourier transform, strug-
gle to retain sudden variations in nonperiodic signals, such
as the gamma spectrum. Compared with traditional meth-
ods, wavelet analysis, which has been increasingly applied to
signal processing in recent years, employs discrete wavelet
transform (DWT) for signal decomposition and reconstruc-
tion. This method enables the simultaneous analysis of sig-
nals in both the time and frequency domains, thereby accu-
rately capturing detailed signal characteristics in multiple di-
mensions [16]. Additionally, because of the nonperiodic and
finite energy characteristics of the mother wavelets used, this
method exhibits substantial advantages in terms of informa-
tion retention when applied to nonperiodic signal processing,
such as speech signals [17, 18], radar signals [19], biomedical
signals [20], and spectra [21]. Compared with other methods,
it preserves information better [22]. Therefore, when smooth-
ing the low-count gamma spectrum, wavelet analysis exhibits
stronger performance advantages in extracting and preserving
the parameters of weak peaks than traditional methods.

Smoothing methods based on wavelet analysis have been
studied extensively. In terms of signal decomposition levels,
Vilimek et al. [23] and Khalil et al. [24] empirically deter-
mined the optimal decomposition levels for different mother
wavelets in DWT when addressing smoothing problems in
image and biomedical signals, respectively. Yu et al. [25] pro-
cessed a spectrum using different decomposition levels and
achieved an optimal signal-to-noise ratio (SNR) of the re-
constructed spectrum when the decomposition level was be-
tween 7 and 8. Cui and Li [26], He et al. [27], and Liu et
al. [28] combined wavelet entropy and sample entropy (SE)
theories to determine the optimal decomposition level when
noise components are fully extracted by analyzing the chaos
degree of detail coefficients at each level. However, in terms
of maintaining weak peaks in the gamma spectrum, a research
gap exists in the precise threshold criteria based on the sig-
nal reconstruction capability of smoothing methods. Regard-
ing threshold calculation, researchers such as Poornachan-
dra [29], Zhou [30], and Li et al. [31] established modified
threshold models based on traditional threshold calculation
formulas by studying the variation patterns of detail coeffi-
cients under wavelet transforms for single operating condi-
tions, including white noise, colored noise, and the inherent
noise of NaI(Tl) detectors. However, threshold correction un-
der complex and multifaceted operating conditions has not
been researched yet. In terms of threshold functions, Xiao
et al. [32] smoothed the spectrum of Co-60 using both the
five-point method and a nonlinear wavelet analysis technique.
This preserved peak counts and the full width at half maxi-
mum (FWHM) of the full-energy peak effectively. However,
the smoothness of this method is yet to be studied. Yan et
al. [33] and Xie et al. [34] proposed a novel threshold func-
tion that combines the advantages of traditional soft and hard
threshold functions. Meftah et al. [35] proposed a method
based on the Donoho threshold model for smoothing the pres-
sure signals from water pipe leaks. Mou et al. [36] con-
structed a novel three-segment threshold function based on
seismic signal characteristics. Wei et al. [37], Liu et al. [38],
and Pei et al. [39] replaced the threshold function with a neu-

ral network algorithm to modify wavelet coefficients. How-
ever, the threshold functions proposed in these studies are de-
ficient in their capability of adaptive adjustment to a smooth
low-count spectrum under complex operating conditions. Re-
search on adjusting the wavelet coefficient shrinkage perfor-
mance based on decomposition levels is insufficient.

In summary, several critical problems remain unresolved in
the research on low-count gamma spectrum smoothing meth-
ods based on wavelet analysis. Consequently, when exist-
ing smoothing methods are applied to process a low-count
gamma spectrum, substantial discrepancies occur between
the smoothed spectrum and the original data, resulting in se-
vere distortion of the characteristic peak shapes and a de-
crease in the peak-to-valley ratios. This further complicates
the difficulty of resolving overlapping peaks. To address these
problems, this study, for the first time, integrated the Nyquist
sampling rate, Fourier transform, and SE to establish criteria
for determining the optimal decomposition level and wavelet
coefficient threshold under various complex operating condi-
tions. A novel threshold function was constructed. Combined
with the multi-point method, this threshold function becomes
a technique for low-count gamma spectrum smoothing that
ensures smoothness while strongly preserving the weak peaks
and characteristic peak shapes in the spectrum. The results
of this research provide a theoretical foundation and critical
technical support for the application of LaBr3(Ce) detectors
in the qualitative and quantitative analyses of LILW, thereby
enhancing the safety of LILW disposal.

II. MATERIALS AND METHODS

Wavelet-based signal smoothing involves DWT decom-
position to extract the wavelet coefficients, which are then
shrunk to reduce the noise. The processed coefficients are
then used to reconstruct the smoothed signals. Based on the
discussion in Sec. I, the following problems occur when ap-
plying wavelet analysis to low-count spectrum analysis: First,
the criterion for determining the optimal decomposition level
based on the preservation of weak peaks has not been estab-
lished. Second, current threshold models cannot adaptively
adjust under complex working conditions. Third, precise
threshold function models specifically designed for smooth-
ing low-count gamma spectra are lacking. Hence, based
on the key steps of DWT and the aforementioned problem,
this section discusses the theoretical derivation, model estab-
lishment, and specific implementation process of the novel
wavelet threshold multi-point method proposed in this paper.
The section primarily discusses the derivation and establish-
ment of three models: decomposition level, threshold correc-
tion, and threshold function models.

A. Decomposition level model

This paper integrates the Nyquist sampling rate [40] with
SE theory [41]. It comprehensively considers the process of
smoothing low-count gamma spectra, the impact of decom-
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position levels on the preservation of weak peaks, and the ef-
fective elimination of noise. Thus, an improved criterion for
determining the DWT decomposition level j is proposed, as
shown in Eqs. (1) and (2),

j = min {jN, jS} , (1)

jN = log2
N2

2
∑N−1

k=0

∑N−1
t=0 e−i 2π

N kty(t)
(2)

where j denotes the optimal level of decomposition, and
jN and jS represent the criteria for determining the optimal
decomposition level of the low-count spectrum, derived from
the integration of the Nyquist sampling rate and SE theory,
respectively. jN can be calculated using Eq. (2), whereas jS
must be obtained from the flowchart shown in Fig. 2, which
is elaborated on in the subsequent sections.

The specific derivation process for jN and jS is as follows:
(1) Theoretical derivation and model establishment for jN
When applying wavelet analysis for signal smoothing, we

must first to perform decomposition using DWT with Eqs. (3)
and (4):

DWT[a, b] =

T−1∑
t=0

y(t) · ψa,b[t] (3)

ψa,b[t] =
1√
a
ψ

(
n− b

a

)
(4)

where DWT[a, b] represents the coefficients of the discrete
signal decomposed in the wavelet domain under scale param-
eter a and translation parameter b. y(t) denotes a discrete
signal. ψa,b[t] denotes the mother wavelet.

First, we must conduct a layer-by-layer DWT decompo-
sition process before reconstructing the original signal. At
each decomposition layer, the signal must be calculated using
Eq. (3), thus yielding the approximate coefficients Cj and de-
tail coefficientsDj representing the effective and interference
signal components, respectively. Simultaneously, at each de-
composition layer, downsampling must be conducted with a
sampling factor of 2 (i.e., sampling once for every two sig-
nal data points). Assuming that the original signal is a dis-
crete signal y(t) of length N , the process of layer-by-layer
DWT decomposition is as illustrated in Fig. 1. Here, H0 and
H1 represent high- and low-pass filters, respectively, as deter-
mined by the mother wavelet ψa,b[t].

As shown in Fig. 1, with an increase in the decomposition
level j, the sampling rate ω of a signal of length N decays
exponentially by a factor of 2, as indicated by Eq. (5).

ω =
N

2j
, j = 1, 2, . . . , n (5)

Moreover, according to the Nyquist sampling rate require-
ment, if the original signal is to be recovered, the sam-
pling frequency of the signal must not be less than twice

Fig. 1. (Color online) Schematic of DWT processing on the original
signal y(t)

the maximum frequency component of the signal. This im-
plies that the number of layers required to perform the DWT
on the original signal cannot exceed the maximum number
of layers determined by the Nyquist sampling rate require-
ment. Because high-frequency components in the gamma
spectrum often constitute noise that must be eliminated dur-
ing the smoothing process, the proposed smoothing method
need not consider the ability to retain the reconstruction of
the maximum frequency component. Therefore, the average
frequency of the gamma spectrum is used as the primary re-
tention target, thereby replacing the maximum frequency. If
the average frequency component of the gamma spectrum is
denoted by ω̄ (obtained by taking the mean value through the
discrete Fourier transform of the gamma spectrum [42]), and
the minimum sampling rate for the energy spectrum is de-
noted by ωs. According to the Nyquist sampling rate theo-
rem,

ω ≥ ωs (6)

ωs = 2ω̄ (7)

ω̄ =
1

N

N−1∑
k=0

N−1∑
t=0

e−i 2π
N kty(t) (8)

Hence, based on Eqs. (6)–(8), the maximum decomposi-
tion level, denoted as jN, determined using the Nyquist sam-
pling rate, can be calculated using the following formula:

jN = log2
N2

2
∑N−1

k=0

∑N−1
t=0 e−i 2π

N kty(t)
(9)

(2) Theoretical derivation and model establishment for jS
SE is a measure used to characterize the complexity and

disorder of time-series signals. A higher SE of each layer’s
detail coefficients Dj , which contain noise components from
the gamma spectrum, indicates greater noise content in the
detail coefficients of that layer. Additionally, as the num-
ber of decomposition layers increases, the noise components
extracted via DWT gradually decrease. At a certain level
of decomposition, the noise components no longer undergo
changes. Therefore, by calculating the SE of eachDj , we can
determine whether the noise components in the signal have
been completely extracted.

C
h

in
aX

iv
:2

0
2

6
0

4
.0

0
3

5
0

v
1

T h i s  v e r s i o n  p o s t e d  2 0 2 6 - 0 4 - 2 8 .

https://chinaxiv.org/abs/202604.00350V1


4

The SE is calculated as follows: We consider
a discrete-time sequence of length N , denoted
by y(t) = {y1, y2, y3, · · · , yN}. Additionally,
we define a set of m-dimensional vector groups
{ym(1), ym(2), ym(3), · · · , ym(N −m+ 1)}, where
ym(i) = {y(1), y(2), y(3), · · · , y(i+m−1)}. The formulas
for calculating SE are given in Eqs. (10)–(12).

SE(m, r,N) = − ln

[
Bm+1(r)

Bm(r)

]
(10)

Bm(r) =
1

N −m

N−m∑
i=1

Bm
i (r) (11)

Bm+1(r) =
1

N −m

N−m∑
i=1

Bm+1
i (r) (12)

Here, Bi represents the number of vectors ym(j) whose
maximum distance from ym(i) is less than the tolerance value
(where 1 ≤ j ≤ N − m + 1 and j ̸= i). Typically, m and
r are set to m = 2 and r = 0.2σ, respectively. Based on
the SE theoretical principles and calculation process, Fig. 2
shows a flowchart for determining the adequacy of the noise-
component extraction by calculating the SE values of the
wavelet coefficients obtained from the gamma spectrum at
various DWT levels.

Fig. 2. (Color online) Flowchart for calculating jS

As shown in Fig. 2, the SE is calculated for the detail co-
efficients of each layer obtained after decomposing the orig-
inal spectrum via DWT. Thereafter, the variation pattern of
the absolute difference in the SE between adjacent layers is
analyzed. The optimal decomposition level, denoted by jS,
is reached when the absolute difference reaches its minimum
value.

B. Threshold correction model

After DWT is implemented on the signal, wavelet coeffi-
cients encompassing valid signals must be discriminated from
those representing interference, within a specified threshold.
Based on the DWT theoretical principles outlined in Sec. II A,
after decomposition at various levels, the characteristic peaks
of radionuclides in the gamma spectrum are concentrated
in the wavelet coefficients above the threshold, whereas the
noise components are predominantly found in the coefficients
below this threshold. According to the traditional estimation
formula for a fixed threshold t given by Dohono,

t = σ
√

2 ln(N) (13)

σ =

√
1

n

∑
D2

1 (14)

where N represents the length of the signal, and σ denotes
the noise energy obtained by calculating the standard devia-
tion of the detail coefficients from the first level of decompo-
sition. However, the detail coefficients Dj , which represent
noise components, vary with the decomposition level. Using
this fixed threshold to discriminate wavelet coefficients of-
ten leads to substantial errors, resulting in problems such as
misidentification of effective signals as interference signals.
Hence, this study developed a threshold correction model
by considering the variation pattern of the coefficients cor-
responding to different frequency signal components in the
wavelet domain of the low-count gamma spectrum relative to
the decomposition level:

t1 = t (15)

tj+1 = µtj , j = 1, 2, . . . , n (16)

The threshold correction formula is recursive, where the ini-
tial value t1 represents the threshold for the first-level coeffi-
cients, which is calculated using the traditional threshold for-
mula. This initial value is then adjusted using the coefficient µ
to obtain the thresholds tj for subsequent wavelet coefficient
levels. The detailed derivation and calculation processes are
as follows.

Based on the theoretical principles of DWT, when applied
to gamma spectrum analysis, it decomposes the original sig-
nal into a wavelet basis formed by translating the mother
wavelet into the energy domain. In addition, as described in
Sec. II A, during the implementation of DWT on the original
gamma spectrum, each level of decomposition is accompa-
nied by a downsampling step with a sampling factor of 2.
Consequently, as the decomposition level increases, the fre-
quency of the wavelet basis onto which the original signal is
decomposed decreases exponentially by a factor of 2. Thus,
the relationship between the frequency of the wavelet basis at
each decomposition level and level j can be described using
Eq. (17):

ωj =
N

Nwavelet · 2j−1
(17)
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where N is the length of the signal, ωj is the frequency of the
signal extracted from the jth layer, and Nwavelet is the length
of the mother wavelet. Combined with the spectrum y(ω)
obtained by performing the FFT on the original gamma spec-
trum y(t), the relationship between the amplitude values of
the frequency components extracted from adjacent decompo-
sition levels j is described as follows:

µ =
y (ωj+1)

y (ωj)
(18)

Based on the theoretical principles of DWT, the amplitude
values of various frequency components y (ωj) should be di-
rectly proportional to their corresponding wavelet coefficients
in the wavelet domain. Consequently, by substituting the co-
efficient µ, calculated using Eqs. (17)-–(18) into recursive
Eqs. (15)–(16), the wavelet coefficient thresholds for adjacent
levels can be adjusted. Using the aforementioned modified
threshold model based on the coefficient µ, the wavelet co-
efficient thresholds at each decomposition level can be adap-
tively adjusted based on the actual variation patterns of the
wavelet coefficients during the layer-by-layer DWT decom-
position. This effectively addresses the problem of misjudg-
ment of valid signals that may result from traditional fixed-
threshold methods.

To verify the accuracy of the correction coefficient, we
developed a µ model. DWT was performed on a gamma
spectrum labeled Co-60-n with different counts. The spe-
cific experimental conditions for Co-60-n are described in
Sec. III and Table 1. The theoretical proportional values of
the wavelet coefficients at each level were calculated using
the µmodel. Fig. 3 compares the calculated and actual values
of the proportion of the wavelet coefficients across each level.

As shown in Fig. 3, the calculated µ values exhibited a
variation trend consistent with the actual wavelet coefficients
across different decomposition levels. Thus, through the im-
plementation of the threshold correction model µ presented
in this paper, the adjustment of thresholds for each level is
practicable, which corresponds with the variations in wavelet
coefficients across different count scenarios.

C. Novel threshold function model

A crucial aspect of DWT for signal smoothing is the pro-
cessing of wavelet coefficients representing both valid and in-
terference signals through a threshold function. This aims to
preserve the wavelet coefficients of valid signals as accurately
as possible while suppressing those of interference signals.
Traditional soft and hard threshold functions are represented
by Eqs. (19) and (20), respectively:

Ŵj,k =

{
sgn (Wj,k) (|Wj,k| − t) , |Wj,k| ⩾ t
0, |Wj,k| < t

(19)

Ŵj,k =

{
Wj,k, |Wj,k| ⩾ t
0, |Wj,k| < t

(20)

(a) (b)

(c) (d)

(e)

Fig. 3. (Color online) (a) to (e) Comparison of the actual and calcu-
lated µ values for Co-60-1 to Co-60-5 gamma spectra, respectively

where Wj,k represents the original wavelet coefficients, and
Ŵj,k denotes the wavelet coefficients after shrinkage process-
ing. The variable t refers to the fixed threshold mentioned
in Sec. II B. However, during the processing of wavelet co-
efficients using traditional soft and hard threshold functions,
problems such as data oscillations and fixed errors often occur
during the signal reconstruction phase [43]. This renders the
spectrum highly susceptible to the loss of weak peaks when
applied to low-count spectrum smoothing. To address the
limitations of traditional soft and hard threshold functions,
we propose a novel threshold function, shown in Eq. (21):
Graphs representing traditional soft and hard threshold func-
tions, as well as the novel threshold function, are shown in
Fig. 4.

As shown in Fig. 4, the traditional soft, hard, and novel
threshold functions all process wavelet coefficients smaller
than the threshold by shrinkage and strive to maintain wavelet
coefficients larger than the threshold close to their original
values, thus eliminating noise while preserving valid signals.
However, the primary advantages of the novel threshold func-
tion over traditional ones are as follows:

(1) Unlike traditional soft and hard threshold functions,
which have discontinuities at the threshold t, the novel thresh-
old function and its first derivative both demonstrate excellent
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Ŵj,k


(
|Wj,k| − 1

|Wj,k|j
+ tj

(
tj

tj+
1
j

)n

− tj +
1

tjj

)
sgn (Wj,k) , |Wj,k| ⩾ tj

tj

(
|Wj,k|
tj+

1
j

)n

sgn (Wj,k) , |Wj,k| < tj

(21)

Fig. 4. (Color online) Comparison of traditional soft, hard, and novel
threshold functions

continuity at t. This characteristic ensures that the signal re-
constructed after processing with the novel threshold function
does not exhibit oscillatory behavior.

(2) For wavelet coefficients below the threshold, the tra-
ditional soft and hard threshold functions directly set them
to zero, whereas the novel threshold function employs a
flexible shrinkage strategy that gradually reduces the coef-
ficients from strong to weak. This characteristic enables the
novel threshold function to achieve a shrinkage effect on the
wavelet coefficients that aligns with their variation patterns
under a layer-by-layer decomposition in DWT.

(3) When the wavelet coefficients exceed the threshold, as
the original wavelet coefficient Wj,k increases, the error be-
tween the processed threshold Ŵj,k from the novel threshold
function and the original wavelet coefficient Wj,k gradually
decreases, enabling better preservation of the low-frequency
components corresponding to the characteristic peaks of nu-
clides in the gamma spectrum.

Eq. (21) shows that the novel threshold function utilizes
the parameters j and N to adjust the degree of wavelet coef-
ficient shrinkage at different decomposition levels j. Here,
tj represents the wavelet threshold for each level, which
is accurately calculated using the threshold correction for-
mula described in Sec. II B. Additionally, as the decompo-
sition level j increases, the degree of shrinkage gradually de-
creases. This characteristic enables the novel threshold func-
tion to better adapt to the varying noise components in DWT,
which decrease with increasing decomposition levels. Con-
sequently, compared with traditional threshold functions, the
novel threshold function demonstrates superior performance
in eliminating noise while preserving weak signals.

The aforementioned characteristics of the novel threshold
function effectively address the problems of data oscillation
and fixed errors encountered in the signal reconstruction stage

using traditional soft and hard threshold functions, which oc-
cur because of their noncontinuity and rigid shrinkage prop-
erties.

D. Smoothing process of the novel wavelet threshold
multi-point method

Based on the preliminary theoretical and experimental re-
search conducted in this study, wavelet analysis, despite its
notable advantages in preserving signal characteristic param-
eters, exhibited limitations in terms of smoothness. To com-
pensate for this inherent limitation of wavelet analysis, we in-
novatively integrate the multipoint smoothing method, known
for its superior smoothing properties, with the models estab-
lished in Sec. II A–II C. Thus, we propose a novel wavelet
threshold multi-point method for a low-count gamma spec-
trum, which combines the capability of wavelet analysis to
preserve weak signals with the excellent smoothing effects of
the multi-point method.

The multi-point method is a traditional smoothing tech-
nique that is widely utilized in gamma-spectrum signal pro-
cessing (as exemplified by its adoption in the renowned spec-
trum analysis software Gamma Vision [44]). It induces sub-
stantial distortion in the peak shapes of the original gamma
spectrum during the smoothing process, potentially leading
to the loss of weak peaks. However, research indicates that
the multi-point method exhibits remarkable superiority in en-
hancing the smoothness of the spectrum compared with alter-
native approaches. Assuming yi represents the count of the
i-th channel in the gamma spectrum, the centroid position be-
tween the i-th and (i+1)-th channel counts can be computed
using the following formula [45]:

ȳi+0.5 =
1

2
(yi + yi+1) (22)

ȳi−0.5 =
1

2
(yi−1 + yi) (23)

Consequently, we can deduce that

ȳi =
1

2
(ȳi+0.5 + ȳi−0.5) =

1

4
(yi−1 + 2yi + yi+1) (24)

ȳi =
1

16
− (yi−2 + 4yi−1 + 6yi + 4yi+1 + yi+2) (25)

Equations (24) and (25) represent the three- and five-point
multi-point methods, respectively.

The gamma-spectrum smoothing process utilizing the
novel threshold function integrated with the multi-point
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method is illustrated in Fig. 5. Initially, the original gamma
spectrum y(t) undergoes FFT and DWT for layer-by-layer
decomposition, yielding its frequency spectrum and wavelet
coefficients Wj,k (including the approximation and detail co-
efficients Cj and Dj). Subsequently, using the optimal de-
composition level criterion proposed in Sec. II A, we can cal-
culate the SE SEj of each layer’s detail coefficient Dj . When
the difference in SE between the j-th and (j − 1)-th layers’
detail coefficients is less than the difference in SE between
any of the preceding adjacent layers up to the (j−1)-th layer,
or when the layer number j exceeds the maximum decompo-
sition level jN determined by the Nyquist sampling rate the-
orem in Sec. II A, the decomposition process is terminated.
Next, the threshold correction model presented in Sec. II B is
used to compute the wavelet coefficient thresholds for each
layer. These thresholds are then incorporated into the novel
threshold function proposed in Sec. II C. The modified coef-
ficients Ŵj,k are obtained by performing a shrinkage process
on the wavelet coefficients Wj,k of each layer. Finally, the
modified wavelet coefficients Ŵj,k are utilized to reconstruct
the gamma spectrum layer-by-layer, resulting in the recon-
structed energy spectrum y′(t). Subsequently, the multi-point
method is applied to further process y′(t), yielding the final
smoothed gamma spectrum y′′(t).

Fig. 5. (Color online) Spectrum smoothing process of the novel
threshold multi-point method

The innovation of the proposed method, as illustrated in
the technical roadmap of Fig. 5, lies primarily in the utiliza-
tion of the modified threshold model and threshold function
proposed in Sec. II B and II C, respectively, during the key
steps for determining the optimal DWT decomposition level
and performing wavelet coefficient shrinkage and reconstruc-
tion. As described in Sec. II B and II C, the specific advan-
tages of the novel threshold model include its ability to adjust
the thresholds at different decomposition levels and the adop-
tion of the flexible shrinkage of wavelet coefficients based on
specific operating conditions. These advantages effectively

prevent the loss of weak peaks in the gamma spectrum dur-
ing the smoothing process, which can occur because of the
misidentification and elimination of the characteristic peaks
of radionuclides as noise.

E. Experimental conditions

The LaBr3(Ce) detector used in the experiments was man-
ufactured by ORTEC, and featured a crystal produced by
Saint-Gobain. The integrated multi-channel analyzer, along
with the detector and its assembly, is shown in Fig. 6. The
LaBr3(Ce) detector was housed within a lead shield during
the gamma spectrum measurements to mitigate the impact
of environmental and cosmic radiation on the measurement
outcomes. Before the measurements, rigorous internal ra-
dioactivity elimination and sample normalization procedures
were conducted according to the specifications outlined in the
IEC 61453:2007 standard [46]. The radionuclide selected for
this study was Co-60, a crucial fission and activation prod-
uct [47, 48]. The Co-60 radioactive source used in the ex-
periments is shown in Fig. 6. The calibration measurement
duration was set to exceed 60 s, and the measurements were
conducted at a constant temperature of 25.0 degreeCelsius
to eliminate the need for temperature correction.

Fig. 6. (Color online) Low-background environmental gamma spec-
trometer system and Co-60

Owing to the difficulties in acquiring a measured gamma
spectrum with overlapping peaks of varying peak distances
under low-count conditions, this study employed a method of
simulating a low-count spectrum through the superposition
of Gaussian functions with white noise [49]. The measured
and simulated low-count Co-60 gamma spectrum are shown
in Fig. 7. The model used to simulate the gamma spectrum
was implemented in MATLAB R2023a.

As depicted in Fig. 7, the simulated gamma spectrum gen-
erated using this method exhibited consistent characteris-
tic peak shapes (peak counts, full-width at tenth-maximum
(FWTM)) with the measured spectrum. The primary dis-
crepancy resulted from the noise distribution in the mea-
sured spectrum not perfectly conforming to the characteris-
tics of white noise with a normal distribution. The proposed
method considers diverse noise distributions in the gamma
spectrum under various operating conditions. Consequently,
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Fig. 7. (Color online) Comparison of simulated and measured
gamma spectrum

the low-count gamma spectrum obtained using this simula-
tion method was consistent with the measured spectrum, val-
idating the smoothing performance of the novel method.

III. RESULTS AND DISCUSSION

We aimed to validate the smoothing performance of
the novel threshold multi-point method under low-energy-
resolution conditions for a low-count gamma spectrum. A
LaBr3(Ce) detector was employed to measure the standard
point source of a critical nuclide Co-60. By adjusting the dis-
tance between the point source and detector probe (at 25 , 50 ,
75 , 100 , and 125 cm), we obtained one high-count gamma
spectrum (numbered as 1) and four low-count gamma spec-
trum (numbered as 2 to 5). Five smoothing methods were
applied to process the spectrum of varying counts: the tradi-
tional five-point, soft thresholding, hard thresholding, novel
threshold, and novel threshold multi-point methods. The
comparative performance indicators evaluated for these meth-
ods in smoothing both high- and low-count gamma spec-
tra were the smoothness, root mean square error (RMSE),
SNR [50], and FWTM.

A. Optimal value of the correction factor N in the novel
threshold function

As outlined in Sec. II C, the threshold correction factor N
in the novel threshold function influences the extent of shrink-
age applied to the wavelet coefficients. Moreover, the optimal
value of N varies for different total counts and energy spec-
trum smoothing objectives. Before conducting comparative
experiments on the smoothing effects of different methods on
the gamma spectrum, we initially conducted a preliminary in-
vestigation into the optimal value of N in the novel threshold
function. By analyzing the variation patterns of the smooth-

ness of the gamma spectrum and the RMSE between the orig-
inal and smoothed gamma spectra, we determined the optimal
value of N . The results are presented in Fig. 8. The meaning
of the notation “Co-60-n” in the Fig. 8 is described in Table 1,
which lists the detection distance, temperature, time, and total
count corresponding to the spectra denoted by various nota-
tions.

TABLE 1. Information of measured gamma spectrum Co-60-n

Notation Nuclide Detector
distance (cm)

Detector
temperature (◦C)

Detector
time (s)

Total
counts

Co-60-1

Co-60

25

25 120

240517
Co-60-2 50 2201
Co-60-3 75 886
Co-60-4 100 656
Co-60-5 125 386

(a)

(b) (c)

(d) (e)

Fig. 8. (Color online) (a) to (e) Variation trends of smoothness and
RMSE with the parameter N for the spectrum with high and low
counts

As depicted in Fig. 8, with the variation in N , the smooth-
ness and RMSE exhibited decreasing and increasing trends,
respectively. Specifically, a decrease in smoothness indicates
an enhancement in the degree of smoothing of the gamma
spectrum. Conversely, the increase in RMSE values suggests
an amplification of the difference between the original and
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smoothed gamma spectra. To balance the smoothness and
weak signal preservation capabilities of the novel threshold
function, we determined the optimal value of N as the inter-
section point of the smoothness and RMSE curves.

Consequently, as illustrated in Fig. 8(a), the optimal range
for N of the novel threshold function for the high-count
gamma spectrum was between 1.8 and 2.0. Furthermore, as
shown in Figs. 8(b)–8(e), the optimal range forN of the novel
threshold function for the low-count gamma spectrum was be-
tween 1.2 and 1.4. Consequently, when smoothing low-count
gamma spectrum, to ensure both the smoothing capability and
weak signal preservation of the novel threshold function, we
set N to the median value of 1.3 within its optimal range of
1.2 to 1.4. At this value, the relative errors of the optimal
values of smoothness and RMSE for various count gamma
spectra processed by the novel threshold function were 0.08
and 0.03, respectively. This indicated that adopting a median
value of 1.3 for the optimal N provides a certain degree of
precision.

B. Preservation capability of weak peaks of critical nuclides in
novel methods

Smoothing treatments were applied to various groups of
the gamma spectrum using five distinct approaches: the tradi-
tional multi-point, soft thresholding, hard thresholding, novel
threshold, and novel threshold multi-point methods. Ta-
ble 2 presents the SNR values of the smoothed spectrum,
RMSE values between the original and smoothed spectra, and
smoothness and FWTM values of the characteristic peaks in
the smoothed spectrum, all of which were obtained after ap-
plying the aforementioned denoising methods to spectra with
different counts.

Analysis of the data presented in Table 2 shows that all
five methods effectively enhanced the SNR of the origi-
nal gamma spectrum. In particular, the novel threshold-
ing method emerged as the most effective, followed by the
novel threshold multi-point method, achieving SNR improve-
ments of 3.10 and 2.51 times, respectively. Compared with
traditional methods, the novel thresholding function exhib-
ited superior performance in terms of noise reduction. In
terms of smoothness and RMSE values, the soft thresholding
method yielded the lowest smoothness value of 0.01 for the
low-count gamma spectrum, followed by the novel thresh-
old multi-point method at 0.07. A lower smoothness indi-
cates better smoothing performance of the method. However,
excessively low smoothness may lead to the loss of a weak
peak in the gamma spectrum. Consequently, to evaluate the
smoothing performance of the methods comprehensively, we
must consider both the smoothness and RMSE values. Re-
ferring to the denoising results labeled 5 in Table 2, when
denoising the low-count spectrum with a total peak count of
386, the RMSE values for the soft threshold and novel meth-
ods were 10.87 and 1.40, respectively. Compared with the
traditional threshold method, the novel threshold multi-point
method achieved a reduction of 87.1%. This suggests that
the novel threshold multi-point method, while maintaining

high smoothing capabilities, minimizes the differences be-
tween the smoothed and original gamma spectra compared
with other methods. Regarding the FWTM variations in the
characteristic peaks before and after smoothing, traditional
methods typically resulted in changes of eight to 33 chan-
nels, whereas the novel threshold multi-point method exhib-
ited minimal FWTM variations within the range of one to
two channels. Consequently, the novel threshold multi-point
method not only effectively removes noise components but
also, when applied to low-count gamma spectrum smoothing,
achieves minimized RMSE values while maintaining supe-
rior weak peaks and characteristic peak shape preservation
performance compared to other methods. Furthermore, its
smoothness was further improved compared with using the
novel thresholding method without incorporating the multi-
point method.

To clearly demonstrate the comprehensive advantages of
the novel threshold multi-point method when applied to
smoothing low-count gamma spectra, we performed a com-
parative analysis of the high- and low-count gamma spectra
before and after smoothing using the traditional hard and soft
thresholding and novel threshold multi-point methods. The
results are shown in Fig. 9.

(a)

(b)

Fig. 9. (Color online) Comparison of (a) high-count and (b) low-
count Co-60 gamma spectrum after processing with traditional hard,
soft, and novel threshold functions

As shown in Fig. 9(a), compared with the hard threshold-
ing and novel threshold multi-point method, the soft thresh-
olding method introduced a certain fixed error between the
peak counts of the smoothed and original spectra. Through
a comparative analysis of the characteristic peak boundaries
before and after smoothing, we observed that the spectrum
processed by the novel threshold multi-point method exhib-
ited the highest similarity in peak shape at the characteristic
peak boundaries with the original spectrum, indicating its su-
perior peak shape preservation capability. Figure 9(b) reveals
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TABLE 2. Parameters of original and smoothed spectra using different methods
Number Counts Method SNR (dB) RMSE Smoothness FWTM (Channel)

1 240517

Original spectrum 20.86 60
Multi-point 31.24 34.54 0.77 47

Hard threshold 28.82 37.48 0.94 41
Soft threshold 23.35 70.30 0.94 42

Novel threshold 33.82 21.07 0.97 60
Novel threshold multi-point 35.45 17.46 0.92 58

2 2201

Original spectrum −7.92 54
Multi-point 10.14 14.42 0.22 52

Hard threshold 10.35 3.24 0.26 56
Soft threshold 5.81 5.47 0.12 56

Novel threshold 16.66 1.57 0.48 55
Novel threshold multi-point 11.97 2.69 0.21 54

3 886

Original spectrum −13 38
Multi-point 10.01 12.88 0.25 46

Hard threshold 6.07 2.86 0.23 35
Soft threshold 2.48 4.33 0.13 35

Novel threshold 12.59 1.35 0.61 39
Novel threshold multi-point 9.58 1.91 0.13 39

4 656

Original spectrum −16 44
Multi-point 9.59 13.51 0.24 53

Hard threshold 8.03 1.87 0.43 31
Soft threshold 3.19 3.26 0.17 19

Novel threshold 16.15 0.73 0.43 44
Novel threshold multi-point 14.96 0.84 0.16 45

5 386

Original spectrum −17 54
Multi-point 9.96 12.89 0.26 56

Hard threshold 12.12 10.06 0.12 22
Soft threshold 11.44 10.87 0.01 21

Novel threshold 13.18 8.90 0.55 54
Novel threshold multi-point 9.11 1.40 0.07 54

that the traditional hard and soft thresholding methods intro-
duced substantial distortions in both the peak counts and peak
boundaries of the Co-60 characteristic peaks when applied
to low-count gamma spectrum smoothing. In contrast, the
novel threshold multi-point method, when applied to a low-
count gamma spectrum, effectively maintained the smooth-
ness of the smoothed spectrum while preserving the char-
acteristic peak shapes with a higher degree of fidelity. This
may be owing to the adaptive adjustment capability of the
threshold calculation and threshold function model employed
in the novel method. This model performs adjustments based
on specific operating conditions and total count level in the
peak spectral region. Thus, it averts the common pitfall of
traditional threshold methods, where effective signals are er-
roneously discarded as noise owing to inappropriate wavelet
coefficient shrinkage. Hence, Fig. 9 reveals that compared
with the traditional threshold, the novel method is better in
preserving radionuclide characteristic peak shapes, such as
peak counts and widths, when applied to gamma spectrum
smoothing.

In summary, when applied to the smoothing of low-count
gamma spectra, compared with the other four traditional
methods, the threshold multi-point method achieves minimal
differences between smoothed and original spectra while ef-
fectively removing noise. Moreover, it demonstrates a more
pronounced capability in preserving the characteristic peak

shapes. Additionally, the integration of the novel threshold
function with the multi-point method further enhances the
smoothness of the novel threshold function compared with
the traditional threshold function.

C. Influence of the novel method on the peak-to-valley ratio of
overlapping peaks

The complex spectra of LILW often contain numerous
overlapping peaks that tend to undergo a reduction in the
peak-to-valley ratio (ratio of peak counts to valley counts in
overlapping peaks) during smoothing, as indicated by the blue
dashed line in Fig. 10(a). This reduction can exacerbate the
challenge of accurately resolving overlapping peaks in subse-
quent spectrum-unfolding processes [51].

To investigate the impact of the novel method on the peak-
to-valley ratio of overlapping peaks in a complex low-count
gamma spectrum, this study employed both traditional meth-
ods and the novel threshold multi-point method to smooth
overlapping peaks with varying peak distances. A compar-
ative analysis was then conducted to assess the changes in
the peak-to-valley ratio before and after smoothing using each
method. Using the simulated gamma spectrum method out-
lined in Sec. II E, we simulated a low-count overlapping peak
spectrum with a peak area ratio of 1 : 1 and varying peak dis-
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(a)

(b) (c)

Fig. 10. (Color online) (a) Comparison of overlapping peaks in gamma spectrum before and after smoothing; (b) comparison of overlapping
peak in low-count spectrum smoothed by various methods; (c) peak-to-valley ratios of overlapping peaks in low-count spectrum after applying
various smoothing methods across different peak distances

tance. These spectra were then subjected to smoothing using
the traditional five-point, hard thresholding, soft threshold-
ing, and novel threshold multi-point methods. The resulting
spectra are shown in Figs. 10(b)—Fig. 10(c).

As shown in Fig. 10(b), the novel method minimized the
discrepancies in the peak and trough counts of the overlap-
ping peaks between the original and smoothed spectra com-
pared with other methods. Based on the results presented in
Fig. 10(c), for all peak distances, the peak-to-valley ratios of
the overlapping peaks smoothed using the novel method were
higher than those of the other methods, with a maximum im-
provement of 7.4%. Note that although the peak-to-valley
ratios of the overlapping peaks in the smoothed gamma spec-
trum generally decreased compared with the original spec-
trum, the influence of the novel threshold multi-point method

on the peak-to-valley ratio was substantially smaller than that
of the other methods. Notably, when the peak distance was
70 keV, smoothing the spectrum with the novel threshold
multi-point method resulted in an increase in the peak-to-
valley ratio of overlapping peaks by 0.05 compared with the
original spectrum. Therefore, based on the results shown in
Figs. 10(b) and 10(c), we can conclude that the novel method
effectively mitigates the reduction in the peak-to-valley ratio
observed in the smoothed overlapping peaks of the low-count
spectrum compared with the other methods.
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IV. SUMMARY

Traditional methods for smoothing low-count gamma spec-
tra have some limitations, such as poor information preserva-
tion, substantial distortion of weak peaks, and reduced peak-
to-valley ratios in overlapping peaks. Hence, this study inno-
vatively integrated the Nyquist sampling theorem, FFT, and
DWT and examines the characteristics of weak peaks and
noise components in the low-count gamma spectrum, both
in the energy and frequency domains. It revealed the intri-
cate interplay between detail coefficients, approximation co-
efficients, and thresholding in DWT for low-count gamma
spectra. Based on this, criteria for determining the number of
DWT decomposition levels, as well as a threshold correction
model and threshold function, were established. Moreover, a
novel threshold multi-point method for smoothing low-count
gamma spectra was developed. This method has substantial
advantages in terms of smoothness, SNR, RMSE, and the
preservation of characteristic peak shapes. Through both the-
oretical and experimental investigations, the following con-
clusions were drawn:

(1) For information preservation and noise elimination,
both traditional and novel methods were employed to smooth
the high- and low-count spectra of critical nuclides. The
results indicated that the application of the novel threshold

multi-point method substantially enhanced the SNR by 2.51
times. Furthermore, it achieved a lower smoothness of 0.07
while reducing the RMSE by 87.1% compared with tradi-
tional approaches.

(2) In terms of the retention of the characteristic peak
shapes, both traditional and novel methods were utilized for
noise reduction in the high- and low-count spectra of key nu-
clides. The results revealed that traditional smoothing meth-
ods caused shifts in the FWTM values of the characteristic
peaks, ranging from 8 to 33 channels, compared with the orig-
inal spectrum. Conversely, the novel threshold multi-point
method exhibited minimal FWTM distortions of only 1–2
channels, representing a reduction of 75.0% to 96.9% com-
pared with traditional methods.

(3) In terms of the impact on the peak-to-valley ratio of
overlapping peaks, the multi-point, traditional thresholding,
and novel threshold multi-point methods were applied to a
smooth low-count overlapping gamma spectrum with a peak
area ratio of 1 : 1 and varying peak distances. Across all peak
distances, the spectrum processed using the novel threshold
multi-point method consistently exhibited superior peak-to-
valley ratios compared with other methods. Notably, the
peak-to-valley ratio was improved by up to 0.074 compared
with alternative approaches. Specifically, at a peak distance of
70 keV, the peak-to-valley ratio of the overlapping peaks en-
hanced by the novel threshold multi-point method surpassed
that of the original spectrum by 0.05.
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